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Recallthatyes Ehs definedforRecs 1

and I is holomorphic on Recs 1 We can extend
definition ofYIS to larger region
theorem I admits unique meromorphic
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to s Reis 03 with a simplepole at 5 1
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We let x D thus we obtain for Recs 1
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the function 1 1.1 is meromorphic in

entire complexplane simplepole ats 1 and
resided 1

forRels so the integralconverges absolutely
Thus defines holomorphic function on Recs so

Hence RHSof defines analyticfunction on
Recs so with simplepole at s 1 whichcoincides

with Ian's on Recs 1

The holomorphic extensionofEcs to See Mcs 03 13
is unique as it completely determinedon tels 1

Theorems Analytic continuation for LIS Xo y
Let to be the principalcharacter mod q

Then LIS Xo admits unique neromorphic
continuation

to Rels so with a simplepole at s 1
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and residue Res US Xo 4121

Proof By Eulerproduct for Recs 1
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Note thatTy 1 defines a holomorphicfunction

for all sec and that 11 4 4121

Conclusionfollowsfrom meromorphiccontinuation

of415 to Rels 0

Theorems Analytic continuation for non principalcharacters

If X mod qNOTtheprincipal character then
Jc X 0 Inparticular LIS x has
holomorphic continuation to Re s 0

so nopoles
Proof Note that In.ly l o kyso



Define Sx N Exum Then ISalm 412

We need to show In.tt ee whenever

MecycX and Rels so
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We note 2,4 convergentfor Recs
Ge X 0

LIS x holomorphic for Recs 0



Theorems Dirichlet's theorem on primes in

arithmetic progressions
Let g a coprime integers
Then pt IP pea mod g is infinite

Motivationfoproh There are infinitely manyprimes

For 5 1 we have 910 I
1 to

log410 lay 1 Eto 011

use Taylor expansion lay 1 y
But we know life Ir on

Gm Etr to

Eptp 00 there are infinitelymyprimesproof is directconsequenceofEulerproduct
Proofpreparationfordirichletstheorem

i.vewill show Earth is infinite
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need to make sense ofLIS x at 5 1



Want to take limit as F 1

We know big leg 40 x 00 and want

toshow the other contribution are finite Hence

Dirichlet's theorem follows from

Theorems Dirichlet let Xo Then 211 x 0

Corollary the Fehr
Proof We note that for 1
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Recall for X Xo LIS X holomphic on Recs 30

so IS X S 1 Mals
where he Nuso orderofthe zero at 1

Mass holomphic on R s 50 Mx111 0

For Ro LIS Xo has simplepale at 5 1

Indys Mls 15 15 Ex.tn
where M holomorphic on Recs 0

Since
Imago x 0 1 is boundedawayfrom 0

we musthave Ex.hn 1

there is at most one modq s t 41,4 0

Steps Non vanishingfor complex characters
We show hx hx ̅

Indeed 4 x ̅ E.tn EhI1nt n5
LIST for Recs 1

From meromorphic continuation identityholds
also for Recs so



Hence LIL X 0 LIL x ̅ O

So if X x ̅ we musthave hx hx ̅ 0

Steps Non vanishing for non principal
real quadratic characters

Suppose X x ̅ i e Ñ Xo me 0 I 1

but a to
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Inparticular rin 20 and rin 1 knew

Suppose for contradiction 211 0

Then res 2 15 915 holomorphic

for Res so



since 915 Ms's Mels MNS

Lais IS 13ᵗʰMay holomorphic onRecs so

Lrs S 17ᵗʰ Mx'S MSCS

theorem Landau
Let feet with Jeff 200 and fin 20

Knew Then 2 15 has singularity i e not
holomorphic at S self

Assuming Landau it follows Tdp 0

But Eff 2m fatethx 011
In T.mn

If diverges contradiction

This concludesproofofDirichlet's theorem

Renew From theproof itfollows that if nonprincipal

quadratic character and 5 1 4104101 2 7 70
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